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If the functions 𝑝 and 𝑞 are of constant sign and condition (3) (condition (4)) is
violated, then there exist constants 𝑐𝑖1 (𝑖 = 1, 2) such that problem (1), (21) (problem
(1), (22)) has no solution whatever 𝑐𝑖𝑘 (𝑖 = 1, 2; 𝑘 = 2, . . . ,𝑚) are. Therefore conditions
(3) and (4) in Theorems 1 and 2 are unimprovable.

As for condition (5), it is necessary for the unique solvability of problem (1), (22) since

if 𝑝(𝑡) ≡ (−1)𝑚
(︂

𝜋

𝑏− 𝑎

)︂2𝑚

, then the homogeneous problem

𝑢(2𝑚) = 𝑝(𝑡)𝑢; 𝑢(2𝑘−2)(𝑎) = 𝑢(2𝑘−2)(𝑏) = 0 (𝑘 = 1, . . . ,𝑚)

has a nontrivial solution 𝑢(𝑡) = sin

(︂
𝜋

𝑏− 𝑎
𝑡

)︂
.
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Consider a Riccati equation of the following form:

𝑑𝑋

𝑑𝑡
= 𝐴1(𝑡)𝑋𝐴2(𝑡) +𝐵1(𝑡)𝑋𝐵2(𝑡) +𝑋𝑄(𝑡)𝑋 + 𝐹 (𝑡) ≡ 𝐺(𝑡,𝑋), (1)

where 𝑋 ∈ R𝑛×𝑛, 𝐴𝑖, 𝐵𝑖(𝑖 = 1, 2), 𝑄, 𝐹 ∈ C(𝐼,R𝑛×𝑛), 𝐼 = [0, 𝜔], 𝜔 > 0.
We will study a two-point boundary-value problem for (1) in the finite-dimensional

Banach algebra B(𝑛) of continuous matrix functions with the norm ‖𝑋‖C = max
𝑡

‖𝑋(𝑡)‖
in case of

𝑀𝑋(0) +𝑁𝑋(𝜔) = 0, (2)

where 𝑀 and 𝑁 are real 𝑛× 𝑛 matrices.
The present work is a continuation of [1–4] and deals with a constructive analysis of

problem (1), (2) on the basis of the method presented in [5, chapter 1; 6].
We introduce the following notations:

𝐷𝜌 = {(𝑡,𝑋) : 𝑡 ∈ 𝐼, ‖𝑋‖ 6 𝜌}, 𝛼𝑖 = max
𝑡

‖𝐴𝑖(𝑡)‖, 𝛽𝑖 = max
𝑡

‖𝐵𝑖(𝑡)‖(𝑖 = 1, 2),

ℎ = max
𝑡

‖𝐹 (𝑡)‖, 𝛿 = max
𝑡

‖𝑄(𝑡)‖, 𝜇 = max(‖𝑀‖, ‖𝑁‖), 𝛾 = ‖(𝑀 +𝑁)−1‖,

𝜙(𝜌) = 𝑎0𝜌
2 + 𝑎1𝜌+ 𝑎2, 𝜌1 =

1 − 𝑎1 −
√︀

(1 − 𝑎1)2 − 4𝑎0𝑎2
2𝑎0

, 𝜌* =
1 − 𝑎1

2𝑎0
,

where 𝜌 > 0, 𝑡 ∈ 𝐼, 𝑎0 = 𝛾𝜇𝛿𝜔, 𝑎1 = 𝛾𝜇(𝛼1𝛼2 + 𝛽1𝛽2)𝜔, 𝑎2 = 𝛾𝜇𝜔ℎ.
Lemma. Let the following conditions be fulfilled: det(𝑀 +𝑁) ̸= 0, 𝜙(𝜌) 6 𝜌, 𝜙′(𝜌) <

< 1. Then the solution of problem (1), (2) exists in the region 𝐷𝜌, it is unique and can be



124 «Седьмые Богдановские чтения по обыкновенным дифференциальным уравнениям»

presented as a uniform limit of a sequence of matrix functions determined by the recurrent
integrated relationship

𝑋𝑘+1(𝑡) = (𝑀 +𝑁)−1

{︂
𝑀

𝑡∫︁
0

𝐺(𝜏,𝑋𝑘(𝜏)) 𝑑𝜏 −𝑁
𝜔∫︁

𝑡

𝐺(𝜏,𝑋𝑘(𝜏)) 𝑑𝜏

}︂
, 𝑘 = 0, 1, 2, . . . (3)

The matrix in (3) is arbitrary C(𝐼,R𝑛×𝑛) – class matrix, which belongs to the sphere
‖𝑋0‖C 6 𝜌. Then the matrix function 𝑋𝑚(𝑡)(𝑚 = 1, 2, . . . ), it also satisfy to condition (2).
Using condition 𝜙(𝜌) 6 𝜌 and induction by 𝑘, one can show readily that members of
sequence 𝑋𝑘(𝑡)∞0 , belong to the sphere ‖𝑋‖C 6 𝜌.

Theorem. Let the Lemma conditions be fulfilled. Then the solution of problem (1), (2)
exists in the region 𝐷𝜌 (𝜌1 6 𝜌 < 𝜌*), it is unique and can be presented as a uniform limit
of a sequence of matrix functions determined by the recurrent integrated relationship (3).
This solution satisfies the estimation

‖𝑋‖C 6 𝜌1. (4)

Specified sequence converges uniformly in 𝑡 ∈ 𝐼 to the solution of integral equation

𝑋(𝑡) = (𝑀 +𝑁)−1

{︂
𝑀

𝑡∫︁
0

𝐺(𝜏,𝑋(𝜏)) 𝑑𝜏 −𝑁

𝜔∫︁
𝑡

𝐺(𝜏,𝑋(𝜏)) 𝑑𝜏

}︂
. (5)

Estimation (4) can be obtained a priori by (5).
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A.M. Lyapunov has proved (see [1]) that if 𝑝 : [𝑎, 𝑏] → R is a continuous function,
satisfying the condition

𝑏∫︁
𝑎

[𝑝(𝑡)]− 𝑑𝑡 6
4

𝑏− 𝑎
, (1)


