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THE METHOD OF FIELD CHARACTERISTICS FOR AUTONOMOUS
SYSTEMS OF SECOND-ORDER DIFFERENTIAL EQUATIONS

D. S. Zhalukevich

Let us consider an autonomous system of the 2-nd order [1]:

𝑥̇ = 𝑃 (𝑥, 𝑦), 𝑦̇ = 𝑄(𝑥, 𝑦), (𝑥, 𝑦) ∈ 𝐺 ⊆ ℜ2. (1)

The matrix of the system (1) has the form

𝐴1 =

(︂
𝑃𝑥 𝑃𝑦

𝑄𝑥 𝑄𝑦

)︂
, (2)

the determinant of the matrix (3) will be equal to

𝐽1 = 𝑑𝑒𝑡𝐴1 = 𝑃𝑥𝑄𝑦 − 𝑃𝑦𝑄𝑥. (3)

We introduce the notation
𝑣⃗ = 𝑇 𝑟⃗, 𝑎⃗ = 𝑇 𝑣⃗, 𝑤⃗ = 𝑇 𝑎⃗, (4)

where 𝑟⃗ = 𝑥𝑖+ 𝑦𝑗⃗ , 𝑇 =
𝑑

𝑑𝑡
= 𝑣⃗ · ∇ , ∇ =

𝜕

𝜕𝑥
𝑖⃗+

𝜕

𝜕𝑦
𝑗⃗ .

Differentiating the system (1) in time, we get the system

𝑥̈ = 𝐹1(𝑥, 𝑦, 𝑥̇, 𝑦̇), 𝑦 = 𝐹2(𝑥, 𝑦, 𝑥̇, 𝑦̇), (5)

where
𝐹1 = 𝑃̇ = 𝑣⃗ · ∇𝑃, 𝐹2 = 𝑄̇ = 𝑣⃗ · ∇𝑄. (6)

Differentiating the system (5) in time, we get the system
...
𝑥 = Φ1(𝑥, 𝑦, 𝑥̇, 𝑦̇, 𝑥̈, 𝑦),

...
𝑦 = Φ2(𝑥, 𝑦, 𝑥̇, 𝑦̇, 𝑥̈, 𝑦), (7)

where
Φ1 = 𝐹1 = 𝑃 = 𝑎⃗ · ∇𝑃 + 𝑣⃗ · ∇𝐹1, Φ2 = 𝐹2 = 𝑄̈ = 𝑎⃗ · ∇𝑄+ 𝑣⃗ · ∇𝐹2. (8)

The determinant of an arbitrary order can be written through Poisson brackets

𝐽𝑘 = 𝑑𝑒𝑡𝐴𝑘 = −{𝑃 (𝑘−1), 𝑄(𝑘−1)}, (9)

where

𝑃 (0) = 𝑃, 𝑄(0) = 𝑄, 𝑃 (𝑘−1) =
𝑑(𝑘−1)𝑃

𝑑𝑡(𝑘−1)
, 𝑄(𝑘−1) =

𝑑(𝑘−1)𝑄

𝑑𝑡(𝑘−1)
, 𝑘 = 1, 𝑛.

Definition 1. The matrix of system (1) is called primary, system (5) secondary and system
(7) tertiary.

Theorem 1. For a stationary plane field of the system (1), the connections between the
primary, secondary and tertiary matrices have the form

𝐴2 = 𝐴2
1 + 𝑣⃗ · ∇𝐴1, (10)

𝐴3 = 𝐴1𝐴2 + 𝐴2𝐴1 + 𝑣⃗ · ∇𝐴2 + 𝑎⃗ · ∇𝐴1. (11)
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It can be seen from (10) and (11) that at the equilibrium point 𝑣⃗0 = 0 and 𝑎⃗0 = 0 the
determinants of the secondary and tertiary matrices will be equal 𝐽2 = 𝐽2

1 , 𝐽3 = 2𝐽1𝐽2 .
Let’s introduce the notation [2]

𝜎1 = 𝑇𝑟𝐴1 = ∇ · 𝑣⃗, 𝜎2 = 𝑇𝑟𝐴2 = ∇ · 𝑎⃗, 𝜎3 = 𝑇𝑟𝐴3 = ∇ · 𝑤⃗, (12)

𝜌⃗1 = ∇× 𝑣⃗ = 𝜌1𝑘⃗, 𝜌⃗2 = ∇× 𝑎⃗ = 𝜌2𝑘⃗, 𝜌⃗3 = ∇× 𝑤⃗ = 𝜌3𝑘⃗, (13)

where 𝑇𝑟𝐴1 , 𝑇𝑟𝐴2 and 𝑇𝑟𝐴3 are traces of the primary, secondary and tertiary matrices.
The expression 𝜎1 is called the continuity equation, and 𝜌⃗1 the velocity vortex (vorticity)
[3]. Flows and circulations of arbitrary order are related by expressions

𝜎𝑘+1 = 𝜎
(1)
𝑘 = 𝜎

(𝑘)
1 , 𝜌𝑘+1 = 𝜌

(1)
𝑘 = 𝜌

(𝑘)
1 , (14)

where

𝜎
(𝑘)
1 =

𝑑(𝑘)𝜎1
𝑑𝑡(𝑘)

, 𝜌
(𝑘)
1 =

𝑑(𝑘)𝜌1
𝑑𝑡(𝑘)

, 𝑘 = 1, 𝑛.

The characteristic equations for the primary, secondary and tertiary matrices have the form

𝜆2𝑘𝑙 − 𝜎𝑘𝜆𝑘𝑙 + 𝐽𝑘 = 0, 𝐷𝑘 = 𝜎2
𝑘 − 4𝐽𝑘, (15)

where
𝑘 = 1, 3, 𝑙 = 1, 2.

Definition 2. The values 𝜎𝑘, 𝐽𝑘, 𝐷𝑘, 𝜌𝑘 are called for primary, secondary and tertiary
characteristics of a stationary plane field of the system (1).

Theorem 2. For a stationary plane field of the system (1), the relations between the
primary, secondary and tertiary characteristics of the field have the form [2]

𝜎2 = 𝜎2
1 − 2𝐽1 + 𝑣⃗ · ∇𝜎1, (16)

𝜌2 = 𝜎1𝜌1 + 𝑣⃗ · ∇𝜌1, (17)

𝜎3 = 2𝜎1𝜎2 − 2𝐽1 + 𝑎⃗ · ∇𝜎1 + 𝑣⃗ · ∇𝜎2, (18)

𝜌3 = 𝜎2𝜌1 + 𝜎1𝜌2 + 𝑎⃗ · ∇𝜌1 + 𝑣⃗ · ∇𝜌2, (19)

where
𝐽1 = 𝜎1𝐽1 + 𝑣⃗ · ∇𝐽1.

The expression (16) is called the stationary flow equation, and (17) is called the
stationary vortex equation [3].
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