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THE METHOD OF FIELD CHARACTERISTICS FOR AUTONOMOUS
SYSTEMS OF SECOND-ORDER DIFFERENTIAL EQUATIONS

D. S. Zhalukevich

Let us consider an autonomous system of the 2-nd order [1]:

& =P(z,y), y=0Qr,y), (v,y)eGCR (1)
The matrix of the system (1) has the form
P, P
Ay = S I 2
1 ( Q. Q ) @
the determinant of the matrix (3) will be equal to
Jl = detA1 = Pny — Pny (3)
We introduce the notation R R R
v=Tr, da=Tv, w=1Td, (4)
— — ~ d a rd a —
where 7= xi +yj, Tzazﬂv, V:a—i—l—&—y
Differentiating the system (1) in time, we get the system
j:Fl(xayvjjay)7 jj:F2<ny7jjay)7 (5)
where ' '
Differentiating the system (5) in time, we get the system
i“zél(xuy7iay7iajj>7 ?)':@2(3373173.773)7&373])7 (7)
Where . .. . ..

The determinant of an arbitrary order can be written through Poisson brackets
Jk = detAk = _{P(k71)7 Q(kil)}v (9)

where

k—1 k—1
poO) _ P, Q(O) — 0, plk-1) _ dk-Dp (k1) _ d*1Q

~aEn @ B b

Definition 1. The matrixz of system (1) is called primary, system (5) secondary and system
(7) tertiary.

Theorem 1. For a stationary plane field of the system (1), the connections between the
primary, secondary and tertiary matrices have the form

Ay = A2+ 7 VA, (10)

As = A1Ay+ AyA1 +0-VAy+ad-VA;. (11)



KauectBennast teopus puddepeHnnaabHbIX YpaBHEHHII 100

It can be seen from (10) and (11) that at the equilibrium point @y = 0 and @y = 0 the
determinants of the secondary and tertiary matrices will be equal Jo = JZ, J3 = 2J;.J5.
Let’s introduce the notation 2]

0'1:TT’A1:V'17, UQZTTAQZV‘67 0'3:TTA3:V'2177 (12)

—

PL=VxT=pk, p=Vxd=pk f=Vxs=phk, (13)

where TrA;, TrA; and TrAs are traces of the primary, secondary and tertiary matrices.
The expression o7 is called the continuity equation, and p; the velocity vortex (vorticity)
[3]. Flows and circulations of arbitrary order are related by expressions

1 k 1 k
O'k+1:O-](€):O-§)7 Pk+1:P;(c):Pg)7 (14)

where i i
S0 _ d® e, w _ d®p
1 dt(k) ) P = dt(k) )

The characteristic equations for the primary, secondary and tertiary matrices have the form

k=Tm.

)\zl — Uk)\kl + Jk = O, Dk - Uz - 4<]k7 (15)

where
k=1,3, [1=1,2.

Definition 2. The values oy, Jx, Dy, pr are called for primary, secondary and tertiary
characteristics of a stationary plane field of the system (1).

Theorem 2. For a stationary plane field of the system (1), the relations between the
primary, secondary and tertiary characteristics of the field have the form [2]

oy =07 —2J, +7- Vo, (16)

p2 = o1p1 + U Vpi, (17)
03:20102—2j1+d-V01+17-V02, (18)
ps = 0ap1 + 01p2+d-Vpr + U Vpy, (19)

where _
Jl = 01J1 + U - VJl

The expression (16) is called the stationary flow equation, and (17) is called the
stationary vortex equation [3].
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