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COMPARISON PRINCIPLE FOR INITIAL BOUNDARY VALUE PROBLEM
FOR NONLINEAR NONLOCAL PARABOLIC EQUATION

A.L. Gladkov

Let 𝑄𝑇 = Ω× (0, 𝑇 ), 𝑆𝑇 = 𝜕Ω× (0, 𝑇 ) , Γ𝑇 = 𝑆𝑇 ∪ Ω× {0} , 𝑇 > 0 .
We consider the initial boundary value problem for nonlinear nonlocal parabolic

equation

𝑢𝑡 = Δ𝑢+ 𝑎𝑢𝑝
∫︁
Ω

𝑢𝑞(𝑦, 𝑡) 𝑑𝑦 − 𝑏𝑢𝑚, (𝑥, 𝑡) ∈ 𝑄𝑇 , (1)

with nonlinear nonlocal boundary condition

𝜕𝑢(𝑥, 𝑡)

𝜕𝜈
=

∫︁
Ω

𝑘(𝑥, 𝑦, 𝑡)𝑢𝑙(𝑦, 𝑡) 𝑑𝑦, (𝑥, 𝑡) ∈ 𝑆𝑇 , (2)

and initial datum
𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ Ω, (3)

where 𝑎, 𝑏, 𝑝, 𝑞, 𝑚, 𝑙 are positive numbers, Ω is a bounded domain in R𝑁 for 𝑁 ≥ 1 with
smooth boundary 𝜕Ω , 𝜈 is unit outward normal on 𝜕Ω.
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We suppose that the functions 𝑘(𝑥, 𝑦, 𝑡) and 𝑢0(𝑥) satisfy the following conditions:

𝑘(𝑥, 𝑦, 𝑡) ∈ 𝐶(𝜕Ω× Ω× [0,+∞)), 𝑘(𝑥, 𝑦, 𝑡) ≥ 0;

𝑢0(𝑥) ∈ 𝐶1(Ω), 𝑢0(𝑥) ≥ 0 in Ω,
𝜕𝑢0(𝑥)

𝜕𝜈
=

∫︁
Ω

𝑘(𝑥, 𝑦, 0)𝑢𝑙0(𝑦) 𝑑𝑦 on 𝜕Ω.

Initial boundary value problem for parabolic equation (1) with nonlocal boundary condition

𝑢(𝑥, 𝑡) =

∫︁
Ω

𝑘(𝑥, 𝑦, 𝑡)𝑢𝑙(𝑦, 𝑡) 𝑑𝑦, (𝑥, 𝑡) ∈ 𝑆𝑇

was considered in [1, 2].
Definition. We say that a nonnegative function 𝑢(𝑥, 𝑡) ∈ 𝐶2,1(𝑄𝑇 ) ∩ 𝐶1,0(𝑄𝑇 ∪ Γ𝑇 ) is a

supersolution of (1)–(3) in 𝑄𝑇 if

𝑢𝑡 ≥ Δ𝑢+ 𝑎𝑢𝑝
∫︁
Ω

𝑢𝑞(𝑦, 𝑡) 𝑑𝑦 − 𝑏𝑢𝑚, (𝑥, 𝑡) ∈ 𝑄𝑇 , (4)

𝜕𝑢(𝑥, 𝑡)

𝜕𝜈
≥
∫︁
Ω

𝑘(𝑥, 𝑦, 𝑡)𝑢𝑙(𝑦, 𝑡) 𝑑𝑦, 𝑥 ∈ 𝜕Ω, 0 < 𝑡 < 𝑇, (5)

𝑢(𝑥, 0) ≥ 𝑢0(𝑥), 𝑥 ∈ Ω, (6)

and 𝑢(𝑥, 𝑡) ∈ 𝐶2,1(𝑄𝑇 ) ∩ 𝐶1,0(𝑄𝑇 ∪ Γ𝑇 ) is a subsolution of (1)–(3) in 𝑄𝑇 if 𝑢 ≥ 0 and it
satisfies (4)–(6) in the reverse order. We say that 𝑢(𝑥, 𝑡) is a solution of problem (1)–(3) in
𝑄𝑇 if 𝑢(𝑥, 𝑡) is both a subsolution and a supersolution of (1)–(3) in 𝑄𝑇 .

Theorem 1. Let 𝑢 and 𝑢 be a supersolution and a subsolution of problem (1)–(3) in 𝑄𝑇 ,
respectively. Suppose that 𝑢(𝑥, 𝑡) > 0 or 𝑢(𝑥, 𝑡) > 0 in 𝑄𝑇 ∪ Γ𝑇 if min(𝑝, 𝑞, 𝑙) < 1. Then
𝑢(𝑥, 𝑡) ≥ 𝑢(𝑥, 𝑡) in 𝑄𝑇 ∪ Γ𝑇 .

Remark. We improve a comparison principle in [3]. The authors of [3] supposed that
𝑢(𝑥, 𝑡) > 0 or 𝑢(𝑥, 𝑡) > 0 in 𝑄𝑇 ∪ Γ𝑇 if min(𝑚, 𝑝, 𝑞, 𝑙) < 1.

Theorem 2. Let 𝑢0 ̸≡ 0 in Ω, 𝑚 ≥ 1. Suppose 𝑢 is a solution of (1)–(3) in 𝑄𝑇 . Then
𝑢 > 0 in 𝑄𝑇 ∪ 𝑆𝑇 .

The results of the talk have been published in [4].
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