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CURVILINEAR PARALLELOGRAM IDENTITY AND MEAN-VALUE
PROPERTY FOR A SEMILINEAR HYPERBOLIC EQUATION OF SECOND
ORDER

V.I. Korzyuk, and J.V. Rudzko

In the domain 2 C R? of two independent variables x = (z1,23) € 2 C R consider the
semilinear hyperbolic equation of second-order

Au(ﬂfl, 'IQ) - f(xh T, U(fEl, x?)a 8$1u(x17 1'2), axQU(l'l, 1'2)), (1)
where the operator A is defined as
Au(z1, 22) = a(w1, 22)07 u(z1, 2) + 2b(x1, 22) D, Opu(w1, T2) + (21, 22) 02, U1, T2),

and is hyperbolic (this means b?(x) — a(x)c(x) > 0 for any z € Q).
Eq. (1) has two families of characteristics: ~;(z1,22) and 7s(xy1,22), which are the first
integrals of the ordinary differential equation [1]

a(x)(dxg)? — 2b(x)dx;dxy + ¢(x)(dx;)* = 0, (2)

and solutions of the equation of characteristics [1]

i ? i 07 i 2_ .
a(@m) +2bax18xg+c s =0, =12

It is known [1| that Eq. (2), generally speaking, can be decomposed into two equations.
Therefore, we can assume that ~; and 7, are the first integrals of different differential
A(71,72)
6’(x1, x2>

equations and they are functionally independent since the Jacobian is

nonzero [1].

Definition 1. Curvilinear characteristic parallelogram of Eq. (1) is a set
II = {x|n(x) € [l1,ls] A 7a(x) € [r1,m2]}, where Iy, lo, 7, ry are some real numbers
and 7;, 1 = 1,2 are two different functionally independent characteristics.

Definition 1 is correct. It is known [2| that any other the first integral of Eq. (2) has the
form ¢ o, where ¢ is some continuously differentiable function. If ~;(x) € [, (3], then,
due to the continuity of ¢, q(v1(x)) € q([l1,l2]) = [l1,[2]. So the curvilinear characteristic
parallelogram does not depend on considered characteristics.

Definition 2. Vertices of the curvilinear characteristic parallelogram II = {x|v(x) €
€ [l1, 1) Ay2(x) € [r1,m2]} are points x such that v (z) = [; Aya(z) =71, (4,7) € {1,2} x
x {1,2}.

Definition 2 is correct. We should show that ¢ o v, where ¢ is some continuously
differentiable function, maps [l1,ls] into [l1,ls] and O([l1,ls]) into O([l1,ls]). Obviously,
if the function ¢ is increasing or decreasing these mappings must be true. But if the the
function ¢ does not satisfy these conditions, then there exists at least one point Iy € (I1,12)
such that ¢'(lp) = 0. Due to the continuity of ¢, there exists a point x € II such that
1 (x) =1lp € (I1,13) This implies

¢ (1 ()0 (%) ¢'(1(x))0, 71 (%)

&)= () Oraa ()

’_{9((} ©%1,72) = 0 when v, (x) = .

(9(.1'1, 1’2)

But we consider only characteristics with nonzero Jacobian.
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Definition 3. Opposite vertices of the curvilinear characteristic parallelogram
II = {x|7(x) € [l1,ls] A 72(x) € [r1,m2]} are its vertices x; and xo such that ~(x;) #
= 71(x2) and yo(x1) # 72(x2) .

Point transformation of variables of the form wy; = v (z1,22), 11 = 7Ye(x1,z2) is
invertible [3], i.e. there is an inverse change of variables x1 = 77" (y1,v2), T2 = Y5 (Y1, %2) -

Let us introduce the notation

B = 2(a02,7102,72 + b (00,7200, 71 + 02y7100,72) + €02y 1100,72)
K(z,p,q,7) = f(0 ' (2),7% ' (2),p,¢,7) —

— An(y'(2), 7 (Z))(qé‘ym (2) + 70,75 (2) —

— Ay (7 1 (2), 72 1 (2)) (@071 (2) + 10,75 ' (2)),
K(z,p,q.7) = (B(17"(2),7 (2))) " K(2,p,q,7)

Theorem 1. Let the conditions a € C*(Q), b € C*(Q), ¢ € C*Q), f € CYQ x
x R3), and b*(x) — a(x)c(x) > 0 be satisfied, and let the function u belong to the class
C?(Q) and be a solution of Eq. (1). Then for any curvilinear characteristic parallelogram
I = {x|n(x) € [l1,l5)] A 72(x) € [r1,m2]} C Q with vertices A(vy; (I, m1),7  (l1,71)),
By (i, r2), 75 (L 72)) Cy H(laym2), 75 (12, 72)) 4 D(y; (l2, 1), 72 (o, 1))
the equality

u(A) —u(B) +u(C) —u(D) =

l2 Ty

— [ e [ B0 (077 @95 @) 000 (077 ()95 ). 0 (07 2,95 (2)))

l 1
(3)
holds.

Theorem 2. Let the conditions u € C?(Q), a € C*(Q), b e C*Q), c€ C*Q), f €
€ CHQ x R?), and b*(x) — a(x)c(x) > 0 be satisfied. If for any curvilinear characteristic
parallelogram 11 = {x|m(x) € [l,lo] AN w(x) € [r,r]} C Q with vertices
A(7;1(117r1)772_1<llvrl))7 B(7;1(117T2)772_1(51’r2)>7 0(71_1(127r2)772_1<12’T2))7
D(v; Yy, 71), 75 H(Io, 1)), where v;, i = 1,2 are solutions of Eqs. (2) and ;' are defined
as before, the equality (3) is satisfied, then the function w is a solution of Eq. (1).

The talk is based on a recent paper [4].
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REDUCTION OF SOME EVOLUTIONARY EQUATIONS BY MEANS OF
SYMMETRIES

D. S. Zhalukevich

Reversible transformations for partial differential equations in the case of two
independent variables ¢,z and one dependent variable u = u(t,x), have the form [1-4]

tzw(t,x,u,e), 55:1/1(75,37,%5)7 ﬁ:X(t,I,u,é‘), (1)
where
e €R,
with
o(t,x,u,0)=t, P(t,z,u,0)=z x(t z,u,0)=u. (2)

The construction of the symmetry group is equivalent to the definition of its infinitesimal
transformations

t=t+er(t,z,u)+.., T=x+el(t,z,u)+.., w=u+en(t,z,u)+.., (3)
where
T\, T, - 88 ) 5 Ly — 85 y T] , T, = —ag .

Consider the k-th order evolutionary equations:

k
Uy + AO(ta X, u) + Z Az(t7 xz, u)uzaz = Oa (5)
i=1
where 5
"u
T — A k’:2,3,4
b oxt

Theorem. For equation (5), the symmetry transformations (1) have the form

t=p(te), T=9¢t e, u=x(tzuc), (6)





