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REDUCTION OF SOME EVOLUTIONARY EQUATIONS BY MEANS OF
SYMMETRIES

D. S. Zhalukevich

Reversible transformations for partial differential equations in the case of two
independent variables 𝑡, 𝑥 and one dependent variable 𝑢 = 𝑢(𝑡, 𝑥) , have the form [1-4]

̃︀𝑡 = 𝜙(𝑡, 𝑥, 𝑢, 𝜀), ̃︀𝑥 = 𝜓(𝑡, 𝑥, 𝑢, 𝜀), ̃︀𝑢 = 𝜒(𝑡, 𝑥, 𝑢, 𝜀), (1)

where
𝜀 ∈ R,

with
𝜙(𝑡, 𝑥, 𝑢, 0) = 𝑡, 𝜓(𝑡, 𝑥, 𝑢, 0) = 𝑥, 𝜒(𝑡, 𝑥, 𝑢, 0) = 𝑢. (2)

The construction of the symmetry group is equivalent to the definition of its infinitesimal
transformations

̃︀𝑡 = 𝑡+ 𝜀𝜏(𝑡, 𝑥, 𝑢) + ..., ̃︀𝑥 = 𝑥+ 𝜀𝜉(𝑡, 𝑥, 𝑢) + ..., ̃︀𝑢 = 𝑢+ 𝜀𝜂(𝑡, 𝑥, 𝑢) + ..., (3)

where

𝜏(𝑡, 𝑥, 𝑢) =
𝜕𝜙(𝑡, 𝑥, 𝑢, 0)

𝜕𝜀
, 𝜉(𝑡, 𝑥, 𝑢) =

𝜕𝜓(𝑡, 𝑥, 𝑢, 0)

𝜕𝜀
, 𝜂(𝑡, 𝑥, 𝑢) =

𝜕𝜒(𝑡, 𝑥, 𝑢, 0)

𝜕𝜀
. (4)

Consider the k-th order evolutionary equations:

𝑢𝑡 + 𝐴0(𝑡, 𝑥, 𝑢) +
𝑘∑︁

𝑖=1

𝐴𝑖(𝑡, 𝑥, 𝑢)𝑢𝑖𝑥 = 0, (5)

where
𝑢𝑖𝑥 =

𝜕𝑖𝑢

𝜕𝑥𝑖
, 𝑘 = 2, 3, 4.

Theorem. For equation (5), the symmetry transformations (1) have the form

̃︀𝑡 = 𝜙(𝑡, 𝜀), ̃︀𝑥 = 𝜓(𝑡, 𝑥, 𝜀), ̃︀𝑢 = 𝜒(𝑡, 𝑥, 𝑢, 𝜀), (6)
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this means that one can search for infinitesimal symmetries in the form

𝑋 = 𝜏(𝑡)
𝜕

𝜕𝑡
+ 𝜉(𝑡, 𝑥)

𝜕

𝜕𝑥
+ 𝜂(𝑡, 𝑥, 𝑢)

𝜕

𝜕𝑢
, (7)

where
𝜂 = 𝑏(𝑡, 𝑥)𝑢+ 𝑐(𝑡, 𝑥). (8)

Among the equations (5), the following equations are found that can be reduced [5-23]:

𝑢𝑡 + 𝑢𝑛𝑢𝑥 + 𝑓(𝑡, 𝑥)𝑢𝑘𝑥 = 0, 𝑛 ∈ N, (9)

𝑢𝑡 + 𝑢𝑛𝑢𝑥 + (𝑓(𝑡, 𝑥)𝑢)𝑘𝑥 = 0, 𝑛 ∈ N, (10)

𝑢𝑡 + 𝑢𝑛𝑢𝑥 + 𝑓(𝑡, 𝑥)𝑢𝑥𝑥 + 𝑔(𝑡, 𝑥)𝑢𝑥𝑥𝑥 + ℎ(𝑡, 𝑥)𝑢𝑥𝑥𝑥𝑥 = 0, (11)

𝑢𝑡 + 𝑢𝑛𝑢𝑥 + (𝑓(𝑡, 𝑥)𝑢)𝑥𝑥 + (𝑔(𝑡, 𝑥)𝑢)𝑥𝑥𝑥 + (ℎ(𝑡, 𝑥)𝑢)𝑥𝑥𝑥𝑥 = 0, (12)

𝑢𝑡 + 𝑞(𝑡, 𝑥)𝑢𝑛𝑢𝑥 + 𝑢𝑘𝑥 = 0, 𝑛 ∈ N, (13)

𝑢𝑡 + (𝑞(𝑡, 𝑥)𝑢𝑛+1)𝑥 + 𝑢𝑘𝑥 = 0, 𝑛 ∈ N. (14)

The equation (9) for 𝑛 = 1 and 𝑘 = 2 is called the homogeneous Burgers equation; for
𝑛 > 1 and 𝑘 = 2 , the homogeneous convection-diffusion equation; for 𝑛 = 1 and 𝑘 = 3 , the
homogeneous Korteweg-de equation For 𝑛 > 1 and 𝑘 = 3 homogeneous modified Korteweg-
De Vries equation; for 𝑛 = 1 and 𝑘 = 4 homogeneous generalized Burgers-Korteweg-de Vries
equation; for 𝑛 > 1 and 𝑘 = 4 homogeneous generalized modified the Burgers-Korteweg-de
Vries equation.
The equation (11) for 𝑛 = 1 and ℎ = 0 is called the homogeneous Burgers-Korteweg-de
Vries equation; for 𝑛 > 1 and ℎ = 0 , the homogeneous modified Burgers-Korteweg-De Vries
equation; for 𝑛 = 1 , the homogeneous equation Kuramoto-Sivashinsky; for 𝑛 > 1 by a
homogeneous modified Kuramoto-Sivashinsky equation.
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