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MULTI-DIMENSIONAL INTEGRAL TRANSFORMATION WITH FOX H-
FUNCTION IN THE KERNEL IN THE WEIGHTED SPACES OF

SUMMABLE FUNCTIONS

O. V. Skoromnik, M. V. Papkovich

Multidimensional integral transform(︀
Hf
)︀
(x) =

∞∫︁
0

Hm,n
p,q

[︂
xt

⃒⃒⃒⃒
(ai, 𝛼i)1,p

(bj, 𝛽j)1,q

]︃
f(t)dt (x > 0) (1)

is studied. Here (see [1]; [2]; [3], Section 28.4; [4], ch. 1; [5]; [6]) x = (𝑥1, 𝑥2, ..., 𝑥𝑛) ∈ Rn ;

t = (𝑡1, 𝑡2, ..., 𝑡𝑛) ∈ Rn , Rn be the 𝑛 -dimensional Euclidean space; x · t =
𝑛∑︀

𝑛=1

𝑥𝑛𝑡𝑛 denotes

their scalar product; in particular, x · 1 =
𝑛∑︀

𝑛=1

𝑥𝑛 for 1= (1,1,...,1). The expression x > t

means that 𝑥1 > 𝑡1, 𝑥2 > 𝑡2, ..., 𝑥𝑛 > 𝑡𝑛, the nonstrict inequality ≥ has similar meaning

;
∞∫︀
0

=
∞∫︀
0

∞∫︀
0

· · ·
∞∫︀
0

; by N = {1, 2, ...} we denote the set of positive integers, N0 = N
⋃︀
{0} ,

Nn
0 = N0 × N0 × ... × N0 ; k = (𝑘1, 𝑘2, ..., 𝑘𝑛) ∈ Nn

0 = N0 × ... × N0 (𝑘𝑖 ∈ N0, i = 1, 2, ..., n)
is a multi-index with k! = 𝑘1! · · · 𝑘𝑛! and |k| = 𝑘1 + 𝑘2 + ... + 𝑘𝑛 ; Rn

+ = {x ∈ Rn, x > 0} ;
for 𝑙 = (𝑙1, 𝑙2, ..., 𝑙𝑛) ∈ Rn

+ D𝑙 = 𝜕|𝑙|

(𝜕𝑥1)𝑙1 ···(𝜕𝑥𝑛)𝑙𝑛
; dt = 𝑑𝑡1 · 𝑑𝑡2 · · · 𝑑𝑡𝑛; t𝑙 = 𝑡𝑙1𝑡𝑙2 · · · 𝑡𝑙𝑛 ;

𝑓(t) = 𝑓(𝑡1, 𝑡2, ..., 𝑡𝑛) . Let Cn (𝑛 ∈ N) be the 𝑛 -dimensional space of 𝑛 complex numbers
𝑧 = (𝑧1, 𝑧2, · · · , 𝑧𝑛) (𝑧𝑗 ∈ C, 𝑗 = 1, 2, · · · , 𝑛) ; d

dx
= 𝑑

𝑑𝑥1·𝑑𝑥2···𝑑𝑥𝑛
;

m = (𝑚1,𝑚2, ...,𝑚𝑛) ∈ Nn
0 and 𝑚1 = 𝑚2 = ... = 𝑚𝑛 ; n = (𝑛1, 𝑛2, ..., 𝑛𝑛) ∈ Nn

0 and
𝑛1 = 𝑛2 = ... = 𝑛𝑛 ; p = (𝑝1, 𝑝2, ..., 𝑝𝑛) ∈ N0 and 𝑝1 = 𝑝2 = ... = 𝑝𝑛 ; q = (𝑞1, 𝑞2, ..., 𝑞𝑛) ∈ N0

and 𝑞1 = 𝑞2 = ... = 𝑞𝑛) (0 ≤ m ≤ q , 0 ≤ n ≤ p) ;
a𝑖 = (𝑎𝑖1 , 𝑎𝑖2 , ..., 𝑎𝑖𝑛), 1 ≤ 𝑖 ≤ 𝑝 , 𝑎𝑖1 , 𝑎𝑖2 , ..., 𝑎𝑖𝑛 ∈ C (1 ≤ 𝑖1 ≤ 𝑝1, ..., 1 ≤ 𝑖𝑛 ≤ 𝑝𝑛) ;
b𝑗 = (𝑏𝑗1 , 𝑏𝑗2 , ..., 𝑏𝑗𝑛), 1 ≤ 𝑗 ≤ 𝑞 , 𝑏𝑗1 , 𝑏𝑗2 , ..., 𝑏𝑗𝑛 ∈ C (1 ≤ 𝑗1 ≤ 𝑞1, ..., 1 ≤ 𝑗𝑛 ≤ 𝑞𝑛) ;
𝛼𝑖 = (𝛼𝑖1 , 𝛼𝑖2 , ..., 𝛼𝑖𝑛), 1 ≤ 𝑖 ≤ 𝑝 , 𝛼𝑖1 , 𝛼𝑖2 , ..., 𝛼𝑖𝑛 ∈ R+

1 (1 ≤ 𝑖1 ≤ 𝑝1, ..., 1 ≤ 𝑖𝑛 ≤ 𝑝𝑛) ;
𝛽𝑗 = (𝛽𝑗1 , 𝛽𝑗2 , ..., 𝛽𝑗𝑛), 1 ≤ 𝑗 ≤ 𝑞 , 𝛽𝑗1 , 𝛽𝑗2 , ..., 𝛽𝑗𝑛 ∈ R+

1 (1 ≤ 𝑗1 ≤ 𝑞1, ..., 1 ≤ 𝑗𝑛 ≤ 𝑞𝑛) .

The function Hm,n
p,q

[︂
xt

⃒⃒⃒⃒
(ai,𝛼i)1,p
(bj,𝛽j)1,q

]︃
in the kernel of the (1) is the product of one type 𝐻 -

functions 𝐻𝑚,𝑛
𝑝, 𝑞 [𝑧] [7, Chapters 1 and 2]:

Hm,n
p,q

[︂
xt

⃒⃒⃒⃒
(ai, 𝛼i)1,p

(bj, 𝛽j)1,q

]︃
=

n∏︁
k=1

Hmk,nk
pk, qk

[︂
xktk

⃒⃒⃒⃒
(aik , 𝛼ik)1,pk
(bjk , 𝛽jk)1,qk

]︃
.
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Our paper is devoted to the study of transform (1) in the weighted spaces L𝜈, r - summable
functions 𝑓(x) = 𝑓(𝑥1, 𝑥2, ..., 𝑥𝑛) on Rn

+ = {x : x ∈ Rn| 𝑥1 > 0, 𝑥2 > 0, ..., 𝑥𝑛 > 0} , such
that

‖𝑓‖𝜈,𝑟 = {
∫︁
𝑅1

+

𝑥𝜈𝑛·𝑟𝑛−1
𝑛 {· · · {

∫︁
𝑅1

+

𝑥𝜈2·𝑟2−1
2

×[

∫︁
𝑅1

+

𝑥𝜈1·𝑟1−1
1 |𝑓(𝑥1, ..., 𝑥𝑛)|𝑟1𝑑𝑥1]𝑟2/𝑟1𝑑𝑥2}𝑟3/𝑟2 · · · }𝑟𝑛/𝑟𝑛−1𝑑𝑥𝑛}1/𝑟𝑛 <∞

( 𝑟 = (𝑟1, 𝑟2, ..., 𝑟𝑛) ∈ R𝑛 , 1 ≤ 𝑟 <∞ , 𝜈 = (𝜈1, 𝜈2, ..., 𝜈𝑛) ∈ R𝑛 , 𝜈1 = 𝜈2 = ... = 𝜈𝑛 ).
The functional and compositional properties of the integral transformation (1) and some

of its modifications in spaces L𝜈, 2 ( 2 = (2, 2, ..., 2) , 𝜈 = (𝜈1, 𝜈2, ..., 𝜈𝑛) ∈ R𝑛 , 𝜈1 = 𝜈2 = ... =
= 𝜈𝑛 ) have been studied in the works [1], [2], [5] and [6]. We continue this research. Theory of
the considered integral transformation (1) in weighted spaces L𝜈, r is constructed. Mapping
properties such as the boundedness, the range, the representation and the inversion of the
transform (1) are established. The results presented generalize those obtained in [7, Chapter
4.1] for one-dimensional case.
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SPECTRA OF THE ENERGY OPERATOR OF SIX-ELECTRON SYSTEMS
IN THE HUBBARD MODEL. SECOND SINGLET STATE

S.M. Tashpulatov

We consider the energy operator of six-electron systems in the Hubbard model and
investigated the structure of essential spectra and discrete spectrum of the system in the
second singlet state. Hamiltonian of the system has the form

𝐻 = 𝐴
∑︁
𝑚,𝛾

𝑎+𝑚,𝛾𝑎𝑚,𝛾 +𝐵
∑︁
𝑚,𝜏,𝛾

𝑎+𝑚,𝛾𝑎𝑚+𝜏,𝛾 + 𝑈
∑︁
𝑚

𝑎+𝑚,↑𝑎𝑚,↑𝑎
+
𝑚,↓𝑎𝑚,↓. (1)




