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Our paper is devoted to the study of transform (1) in the weighted spaces L𝜈, r - summable
functions 𝑓(x) = 𝑓(𝑥1, 𝑥2, ..., 𝑥𝑛) on Rn

+ = {x : x ∈ Rn| 𝑥1 > 0, 𝑥2 > 0, ..., 𝑥𝑛 > 0} , such
that

‖𝑓‖𝜈,𝑟 = {
∫︁
𝑅1

+

𝑥𝜈𝑛·𝑟𝑛−1
𝑛 {· · · {

∫︁
𝑅1

+

𝑥𝜈2·𝑟2−1
2

×[

∫︁
𝑅1

+

𝑥𝜈1·𝑟1−1
1 |𝑓(𝑥1, ..., 𝑥𝑛)|𝑟1𝑑𝑥1]𝑟2/𝑟1𝑑𝑥2}𝑟3/𝑟2 · · · }𝑟𝑛/𝑟𝑛−1𝑑𝑥𝑛}1/𝑟𝑛 <∞

( 𝑟 = (𝑟1, 𝑟2, ..., 𝑟𝑛) ∈ R𝑛 , 1 ≤ 𝑟 <∞ , 𝜈 = (𝜈1, 𝜈2, ..., 𝜈𝑛) ∈ R𝑛 , 𝜈1 = 𝜈2 = ... = 𝜈𝑛 ).
The functional and compositional properties of the integral transformation (1) and some

of its modifications in spaces L𝜈, 2 ( 2 = (2, 2, ..., 2) , 𝜈 = (𝜈1, 𝜈2, ..., 𝜈𝑛) ∈ R𝑛 , 𝜈1 = 𝜈2 = ... =
= 𝜈𝑛 ) have been studied in the works [1], [2], [5] and [6]. We continue this research. Theory of
the considered integral transformation (1) in weighted spaces L𝜈, r is constructed. Mapping
properties such as the boundedness, the range, the representation and the inversion of the
transform (1) are established. The results presented generalize those obtained in [7, Chapter
4.1] for one-dimensional case.
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SPECTRA OF THE ENERGY OPERATOR OF SIX-ELECTRON SYSTEMS
IN THE HUBBARD MODEL. SECOND SINGLET STATE

S.M. Tashpulatov

We consider the energy operator of six-electron systems in the Hubbard model and
investigated the structure of essential spectra and discrete spectrum of the system in the
second singlet state. Hamiltonian of the system has the form

𝐻 = 𝐴
∑︁
𝑚,𝛾

𝑎+𝑚,𝛾𝑎𝑚,𝛾 +𝐵
∑︁
𝑚,𝜏,𝛾

𝑎+𝑚,𝛾𝑎𝑚+𝜏,𝛾 + 𝑈
∑︁
𝑚

𝑎+𝑚,↑𝑎𝑚,↑𝑎
+
𝑚,↓𝑎𝑚,↓. (1)
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Here, 𝐴 is the electron energy at a lattice site, 𝐵 is the transfer integral between
neighboring sites (we assume that 𝐵 > 0 for convenience), 𝜏 which means that summation
is taken over the nearest neighbors, 𝑈 is the parameter of the on-site Coulomb interaction
of two electrons, 𝛾 is the spin index, 𝛾 =↑ or 𝛾 =↓ . and 𝑎+𝑚,𝛾 and 𝑎𝑚,𝛾 are the respective
electron creation and annihilation operators at a site 𝑚 ∈ 𝑍𝜈 .

The Hamiltonian 𝐻 acts in the antisymmetric complex Foc’k space (ℋ𝑎𝑠, (.)ℋ𝑎𝑠). Suppose
that 𝜙0 is the vacuum vector in the space ℋ𝑎𝑠. The second singlet state
corresponds to the free motion of six electrons over the lattice and their interactions with the
basic functions 2𝑠0𝑝,𝑞,𝑟,𝑡,𝑘,𝑛∈𝑍𝜈 = 𝑎+𝑝,↑𝑎

+
𝑞,↓𝑎

+
𝑟,↑𝑎

+
𝑡,↓𝑎

+
𝑘,↑𝑎

+
𝑛,↓𝜙0. The linear subspace 2ℋ0

𝑠, correspon-
ding the second singlet state is the set of all vectors of the form

2𝜓0
𝑠 =

∑︁
𝑝,𝑞,𝑟,𝑡,𝑘,𝑛∈𝑍𝜈

𝑓(𝑝, 𝑞, 𝑟, 𝑡, 𝑘, 𝑛)2𝑠0𝑝,𝑞,𝑟,𝑡,𝑘,𝑛∈𝑍𝜈 , 𝑓 ∈ 𝑙𝑎𝑠2 ,

where 𝑙𝑎𝑠2 is the subspace of antisymmetric functions in the space 𝑙2((𝑍
𝜈)6. We denote by

2𝐻0
𝑠 the restriction of operator 𝐻 to the subspace 2ℋ0

𝑠.
Let ℱ : 𝑙2((𝑍

𝜈)6 → 𝐿2((𝑇
𝜈)6 ≡ 2ℋ0

𝑠 be the Fourier transform, where 𝑇 𝜈 is the 𝜈−
dimensional torus endowed with the normalized Lebesgue measure 𝑑𝜆, i.e. 𝜆(𝑇 𝜈) = 1. We
set 2 ̃︀𝐻0

𝑠 = ℱ 2𝐻0
𝑠 ℱ−1.

Theorem 1. The Fourier transform of operator 2𝐻0
𝑠 is an operator 2 ̃︀𝐻0

𝑠 = ℱ 2𝐻0
𝑠 ℱ−1

acting in the space 𝐿𝑎𝑠
2 ((𝑇 𝜈)6) be the formula

2 ̃︀𝐻0
𝑠

2𝜓0
𝑠 = ℎ(𝜆, 𝜇, 𝛾, 𝜃, 𝜂, 𝜉)𝑓(𝜆, 𝜇, 𝛾, 𝜃, 𝜂, 𝜉)+

+𝑈

∫︁
𝑇 𝜈

[𝑓(𝑡, 𝜆+ 𝜇− 𝑡, 𝛾, 𝜃, 𝜂, 𝜉) + 𝑓(𝑡, 𝜇, 𝛾, 𝜆+ 𝜃 − 𝑡, 𝜂, 𝜉)+

+𝑓(𝑡, 𝜇, 𝛾, 𝜃, 𝜂, 𝜆+ 𝜉 − 𝑡) + 𝑓(𝜆, 𝑡, 𝜇+ 𝛾 − 𝑡, 𝜃, 𝜂, 𝜉)+

+𝑓(𝜆, 𝑡, 𝛾, 𝜃, 𝜇+ 𝜂 − 𝑡, 𝜉) + 𝑓(𝜆, 𝜇, 𝑡, 𝛾 + 𝜃 − 𝑡, 𝜂, 𝜉)+

+𝑓(𝜆, 𝜇, 𝑡, 𝜃, 𝜂, 𝛾 + 𝜉 − 𝑡) + 𝑓(𝜆, 𝜇, 𝛾, 𝑡, 𝜃 + 𝜂 − 𝑡, 𝜉) + 𝑓(𝜆, 𝜇, 𝛾, 𝜃, 𝑡, 𝜂 + 𝜉 − 𝑡)]𝑑𝑡, (2)

where ℎ(𝜆, 𝜇, 𝛾, 𝜃, 𝜂, 𝜉) = 6𝐴 + 2𝐵
∑︀𝜈

𝑖=1[𝑐𝑜𝑠𝜆𝑖 + 𝑐𝑜𝑠𝜇𝑖 + 𝑐𝑜𝑠𝛾𝑖 + 𝑐𝑜𝑠𝜃𝑖 + 𝑐𝑜𝑠𝜂𝑖 + 𝑐𝑜𝑠𝜉𝑖], and
𝐿𝑎𝑠
2 is the subspace of antisymmetric functions in 𝐿2((𝑇

𝜈)6).

Theorem 2. a). Let 𝜈 = 1, and 𝑈 < 0, then the essential spectrum of operator 2 ̃︀𝐻0
𝑠 is the

union of seven segments: 𝜎𝑒𝑠𝑠(2 ̃︀𝐻0
𝑠 ) = [𝑎+𝑐+𝑒, 𝑏+𝑑+𝑓 ]∪[𝑎+𝑐+𝑧3, 𝑏+𝑑+𝑧3]∪[𝑎+𝑒+𝑧2, 𝑏+𝑓+

+𝑧2]∪[𝑎+𝑧2+𝑧3, 𝑏+𝑧2+𝑧3]∪[𝑐+𝑒+𝑧1, 𝑑+𝑓+𝑧1]∪[𝑐+𝑧1+𝑧3, 𝑑+𝑧1+𝑧3]∪[𝑒+𝑧1+𝑧2, 𝑓+𝑧1+𝑧2],
and discrete spectrum of operator 2 ̃︀𝐻0

𝑠 is consists of a unique eigenvalue: 𝜎𝑑𝑖𝑠𝑐(2 ̃︀𝐻0
𝑠 ) = {𝑧1 +

+ 𝑧2+ 𝑧3}, what lies to the below than the left edge of the essential spectrum of operator 2 ̃︀𝐻0
𝑠 .

Here, and hereafter 𝑎 = 2𝐴− 4𝐵 cos Λ1

2
, 𝑏 = 2𝐴+4𝐵 cos Λ1

2
, 𝑐 = 2𝐴− 4𝐵 cos Λ2

2
, 𝑑 = 2𝐴+

+ 4𝐵 cos Λ2

2
, 𝑒 = 2𝐴 − 4𝐵 cos Λ3

2
, 𝑓 = 2𝐴 + 4𝐵 cos Λ3

2
, 𝑧1 = 2𝐴 −

√︁
9𝑈2 + 16𝐵2𝑐𝑜𝑠2 Λ1

2
,

𝑧2 = 2𝐴−
√︁

9𝑈2 + 16𝐵2𝑐𝑜𝑠2 Λ2

2
,

𝑧3 = 2𝐴−
√︁
9𝑈2 + 16𝐵2𝑐𝑜𝑠2 Λ3

2
.

b). Let 𝜈 = 1, and 𝑈 > 0, then the essential spectrum of operator 2 ̃︀𝐻0
𝑠 is the union of

seven segment’s: 𝜎𝑒𝑠𝑠(2 ̃︀𝐻0
𝑠 ) = [𝑎+𝑐+𝑒, 𝑏+𝑑+𝑓 ]∪ [𝑎+𝑐+̃︀𝑧3, 𝑏+𝑑+̃︀𝑧3]∪ [𝑎+𝑒+̃︀𝑧2, 𝑏+𝑓+̃︀𝑧2]∪

∪ [𝑎+̃︀𝑧2+̃︀𝑧3, 𝑏+̃︀𝑧2+̃︀𝑧3]∪ [𝑐+𝑒+̃︀𝑧1, 𝑑+𝑓+̃︀𝑧1]∪ [𝑐+̃︀𝑧1+̃︀𝑧3, 𝑑+̃︀𝑧1+̃︀𝑧3]∪ [𝑒+̃︀𝑧1+̃︀𝑧2, 𝑓+̃︀𝑧1+̃︀𝑧2],
and discrete spectrum of operator 2 ̃︀𝐻0

𝑠 is consists of a unique eigenvalue: 𝜎𝑑𝑖𝑠𝑐(2 ̃︀𝐻0
𝑠 ) = {̃︀𝑧1 +

+ ̃︀𝑧2 + ̃︀𝑧3}, what lies to the above than the right edge of the essential spectrum of operator
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2 ̃︀𝐻0
𝑠 . Here ̃︀𝑧1 = 2𝐴 +

√︁
9𝑈2 + 16𝐵2𝑐𝑜𝑠2 Λ1

2
, ̃︀𝑧2 = 2𝐴 +

√︁
9𝑈2 + 16𝐵2𝑐𝑜𝑠2 Λ2

2
, ̃︀𝑧3 = 2𝐴 +

+
√︁

9𝑈2 + 16𝐵2𝑐𝑜𝑠2 Λ3

2
.

We consider the case 𝜈 = 3, and Λ1 = (Λ0
1,Λ

0
1,Λ

0
1),Λ2 = (Λ0

2,Λ
0
2,Λ

0
2),Λ3 = (Λ0

3,Λ
0
3,Λ

0
3).

We let 𝑊 denote the Watson integral: [1] 𝑊 = 1
𝜋3

∫︀ 𝜋

0

∫︀ 𝜋

0

∫︀ 𝜋

0
3𝑑𝑥𝑑𝑦𝑑𝑧

3−𝑐𝑜𝑠𝑥−𝑐𝑜𝑠𝑦−𝑐𝑜𝑠𝑧
≈ 1, 516 . Becase

the measure 𝜆 is normalized, 𝐽 =
∫︀ 𝜋

−𝜋

∫︀ 𝜋

−𝜋

∫︀ 𝜋

−𝜋
𝑑𝑥𝑑𝑦𝑑𝑧

3−𝑐𝑜𝑠𝑥−𝑐𝑜𝑠𝑦−𝑐𝑜𝑠𝑧
= 𝑊

3
.

Theorem 3. A). If 𝑈 < 0, and 𝑈 < −4𝐵𝑐𝑜𝑠
Λ0
1
2

𝑊
, and 𝑐𝑜𝑠

Λ0
1

2
> 𝑐𝑜𝑠

Λ0
2

2
> 𝑐𝑜𝑠

Λ0
3

2
, or

𝑐𝑜𝑠
Λ0
1

2
> 𝑐𝑜𝑠

Λ0
3

2
> 𝑐𝑜𝑠

Λ0
2

2
, or 𝑈 < 0, 𝑈 < −4𝐵𝑐𝑜𝑠

Λ0
2
2

𝑊
, and 𝑐𝑜𝑠

Λ0
2

2
> 𝑐𝑜𝑠

Λ0
1

2
> 𝑐𝑜𝑠

Λ0
3

2
, or

𝑐𝑜𝑠
Λ0
2

2
> 𝑐𝑜𝑠

Λ0
3

2
> 𝑐𝑜𝑠

Λ0
1

2
, or 𝑈 < 0, 𝑈 < −4𝐵𝑐𝑜𝑠

Λ0
3
2

𝑊
, and 𝑐𝑜𝑠

Λ0
3

2
> 𝑐𝑜𝑠

Λ0
2

2
> 𝑐𝑜𝑠

Λ0
3

2
, and

𝑐𝑜𝑠
Λ0
3

2
> 𝑐𝑜𝑠

Λ0
1

2
> 𝑐𝑜𝑠

Λ0
3

2
, then the essential spectrum of operator 2 ̃︀𝐻0

𝑠 consists of the union of
seven segments: 𝜎𝑒𝑠𝑠(2 ̃︀𝐻0

𝑠 ) = [𝑎1+𝑐1+𝑒1, 𝑏1+𝑑1+𝑓1]∪[𝑎1+𝑐1+𝑧3, 𝑏1+𝑑1+𝑧3]∪[𝑎1+𝑒1+𝑧2, 𝑏1+
+ 𝑓1 + 𝑧2]∪ [𝑎1 + 𝑧2 + 𝑧3, 𝑏1 + 𝑧2 + 𝑧3]∪ [𝑐1 + 𝑒1 + 𝑧1, 𝑑1 + 𝑓1 + 𝑧1]∪ [𝑐1 + 𝑧1 + 𝑧3, 𝑑1 + 𝑧1 + 𝑧3]∪
[𝑒1 + 𝑧1 + 𝑧2, 𝑓1 + 𝑧1 + 𝑧2], and the discrete spectrum of operator 2 ̃︀𝐻0

𝑠 consists of unique
eigenvalue: 𝜎𝑑𝑖𝑠𝑐(

2 ̃︀𝐻0
𝑠 ) = {𝑧1 + 𝑧2 + 𝑧3}. Here and hereafter 𝑎1 = 2𝐴 − 12𝐵 cos

Λ0
1

2
, 𝑏1 =

= 2𝐴 + 12𝐵 cos
Λ0
1

2
, 𝑐1 = 2𝐴 − 12𝐵 cos

Λ0
2

2
, 𝑑1 = 2𝐴 + 12𝐵 cos

Λ0
2

2
, 𝑒1 = 2𝐴 − 12𝐵 cos

Λ0
3

2
,

𝑓1 = 2𝐴+ 12𝐵 cos
Λ0
3

2
, and 𝑧1, 𝑧2, and 𝑧3 are the same concrete numbers.

B). If 𝑈 < 0, −4𝐵 cos
Λ0
1
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
2
2

𝑊
, and cos

Λ0
2

2
> cos

Λ0
3

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
1
2

𝑊
≤

𝑈 < −4𝐵 cos
Λ0
3
2

𝑊
, and cos

Λ0
3

2
> cos

Λ0
2

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
2
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
1
2

𝑊
, and cos

Λ0
1

2
>

> cos
Λ0
3

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
2
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
3
2

𝑊
, and cos

Λ0
3

2
> cos

Λ0
1

2
, or 𝑈 < 0, −

−4𝐵 cos
Λ0
3
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
2
2

𝑊
, and cos

Λ0
2

2
> cos

Λ0
1

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
3
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
1
2

𝑊
,

and cos
Λ0
1

2
> cos

Λ0
2

2
, then the essential spectrum of operator 2 ̃︀𝐻0

𝑠 consists of the union of
four segments: 𝜎𝑒𝑠𝑠(2 ̃︀𝐻0

𝑠 ) = [𝑎1 + 𝑐1 + 𝑒1, 𝑏1 + 𝑑1 + 𝑓1] ∪ [𝑎1 + 𝑐1 + 𝑧3, 𝑏1 + 𝑑1 + 𝑧3] ∪ [𝑎1 +

+ 𝑒1 + 𝑧2, 𝑏1 + 𝑓1 + 𝑧2] ∪ [𝑎1 + 𝑧2 + 𝑧3, 𝑏1 + 𝑧2 + 𝑧3], or 𝜎𝑒𝑠𝑠(
2 ̃︀𝐻0

𝑠 ) = [𝑎1 + 𝑐1 + 𝑒1, 𝑏1 + 𝑑1 +
+ 𝑓1] ∪ [𝑎1 + 𝑐1 + 𝑧3, 𝑏1 + 𝑑1 + 𝑧3] ∪ [𝑐1 + 𝑒1 + 𝑧1, 𝑑1 + 𝑓1 + 𝑧1] ∪ [𝑐1 + 𝑧1 + 𝑧3, 𝑑1 + 𝑧1 + 𝑧3],

or 𝜎𝑒𝑠𝑠(
2 ̃︀𝐻0

𝑠 ) = [𝑎1 + 𝑐1 + 𝑒1, 𝑏1 + 𝑑1 + 𝑓1] ∪ [𝑎1 + 𝑒1 + 𝑧2, 𝑏1 + 𝑓1 + 𝑧2] ∪ [𝑐1 + 𝑒1 + 𝑧1, 𝑑1 +

+ 𝑓1 + 𝑧1] ∪ [𝑒1 + 𝑧1 + 𝑧2, 𝑓1 + 𝑧1 + 𝑧2], and discrete spectrum of operator 2 ̃︀𝐻0
𝑠 is empty set:

𝜎𝑑𝑖𝑠𝑐(
2 ̃︀𝐻0

𝑠 ) = ∅.

C). If 𝑈 < 0, −4𝐵 cos
Λ0
2
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
3
2

𝑊
, and cos

Λ0
1

2
> cos

Λ0
3

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
3
2

𝑊
≤

𝑈 < −4𝐵 cos
Λ0
2
2

𝑊
, and cos

Λ0
1

2
> cos

Λ0
2

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
1
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
3
2

𝑊
, and cos

Λ0
2

2
>

> cos
Λ0
3

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
3
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
1
2

𝑊
, and cos

Λ0
2

2
> cos

Λ0
1

2
, or 𝑈 < 0, −

−4𝐵 cos
Λ0
2
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
1
2

𝑊
, and cos

Λ0
3

2
> cos

Λ0
1

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
1
2

𝑊
≤ 𝑈 < −4𝐵 cos

Λ0
2
2

𝑊
,

and cos
Λ0
3

2
> cos

Λ0
2

2
, then the essential spectrum of operator 2 ̃︀𝐻0

𝑠 consists of the union
of two segments: 𝜎𝑒𝑠𝑠(

2 ̃︀𝐻0
𝑠 ) = [𝑎1 + 𝑐1 + 𝑒1, 𝑏1 + 𝑑1 + 𝑓1] ∪ [𝑎1 + 𝑐1 + 𝑧3, 𝑏1 + 𝑑1 + 𝑧3], or

𝜎𝑒𝑠𝑠(
2 ̃︀𝐻0

𝑠 ) = [𝑎1 + 𝑐1 + 𝑒1, 𝑏1 + 𝑑1 + 𝑓1]∪ [𝑎1 + 𝑒1 + 𝑧2, 𝑏1 + 𝑓1 + 𝑧2], or 𝜎𝑒𝑠𝑠(
2 ̃︀𝐻0

𝑠 ) = [𝑎1 + 𝑐1 +

+ 𝑒1, 𝑏1 + 𝑑1 + 𝑓1] ∪ [𝑐1 + 𝑒1 + 𝑧1, 𝑑1 + 𝑓1 + 𝑧1], and the discrete spectrum of operator 2 ̃︀𝐻0
𝑠 is

empty set: 𝜎𝑑𝑖𝑠𝑐(2 ̃︀𝐻0
𝑠 ) = ∅.

D). If 𝑈 < 0, −4𝐵 cos
Λ0
3
2

𝑊
≤ 𝑈 < 0, and cos

Λ0
1

2
> cos

Λ0
2

2
> cos

Λ0
3

2
, or 𝑈 < 0, −
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−4𝐵 cos
Λ0
2
2

𝑊
≤ 𝑈 < 0, and cos

Λ0
1

2
> cos

Λ0
3

2
> cos

Λ0
2

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
3
2

𝑊
≤ 𝑈 < 0, and

cos
Λ0
2

2
> cos

Λ0
1

2
> cos

Λ0
3

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
1
2

𝑊
≤ 𝑈 < 0, and cos

Λ0
2

2
> cos

Λ0
3

2
> cos

Λ0
1

2
, or

𝑈 < 0, −4𝐵 cos
Λ0
1
2

𝑊
≤ 𝑈 < 0, and cos

Λ0
3

2
> cos

Λ0
2

2
> cos

Λ0
1

2
, or 𝑈 < 0, −4𝐵 cos

Λ0
2
2

𝑊
≤ 𝑈 < 0,

and cos
Λ0
3

2
> cos

Λ0
1

2
> cos

Λ0
2

2
, then the essential spectrum of operator 2 ̃︀𝐻0

𝑠 consists of the
union of unique segment: 𝜎𝑒𝑠𝑠(2 ̃︀𝐻0

𝑠 ) = [𝑎1 + 𝑐1 + 𝑒1, 𝑏1 + 𝑑1 + 𝑓1], and the discrete spectrum
of operator 2 ̃︀𝐻0

𝑠 is empty set: 𝜎𝑑𝑖𝑠𝑐(2 ̃︀𝐻0
𝑠 ) = ∅.
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