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GEODESICS OF RIEMANNIAN METRICS RELATED TO THE
NAVIE–STOKES EQUATIONS AND THEIR APPLICATIONS

Valery Dryuma

1.The 14𝐷 Riemann -metric in local coordinates �⃗� = [𝑥, 𝑦, 𝑧, 𝑡, 𝜂, 𝜌,𝑚, 𝑢, 𝑣, 𝑤, 𝑝, 𝜉, 𝜒, 𝑛]

𝑑𝑠2 = 2𝑑𝑥 𝑑𝑢+ 2𝑑𝑦 𝑑𝑣 + 2𝑑𝑧 𝑑𝑤 + (−𝑈𝑢− 𝑉 𝑣 −𝑊𝑤) 𝑑𝑡2 + 2𝑑𝑡 𝑑𝑝+

+𝐴𝑑𝜂2 + 2𝑑𝜂 𝑑𝜉 +𝐵𝑑𝜌2 + 2𝑑𝜌 𝑑𝜒+ 𝐶𝑑𝑚2 + 2𝑑𝑚𝑑𝑛,

where
𝐴 = (−𝑈𝑊 + 𝜇𝑈𝑥)𝑤 + (−𝑈𝑉 + 𝜇𝑈𝑦) 𝑣 +

(︀
−𝑈2 − 𝑃 + 𝜇𝑈𝑥

)︀
𝑢− 𝑈𝑝,

𝐵 = (𝜇𝑉𝑧 − 𝑉𝑊 )𝑤 + (−𝑉 2 − 𝑃 + 𝜇𝑉𝑦)𝑣 + (−𝑈𝑉 + 𝜇𝑉𝑥)𝑢− 𝑉 𝑝,

𝐶 = (𝜇𝑊𝑧 − (𝑊 2 − 𝑃 )𝑤 + (𝜇𝑊𝑦 − 𝑉𝑊 )𝑣, (−𝑈𝑊 + 𝜇𝑊𝑥)𝑢−𝑊𝑝,

(𝑈, 𝑉,𝑊 ) , 𝑃 – the components of velocity and pressure of liquid, has the Ricci-tensor of the
form 𝑅44 = 𝑈𝑥 + 𝑉𝑦 +𝑊𝑧 = 0, 𝑅55 = 0, 𝑅66 = 0, 𝑅77 = 0 on solutions of Navier-Stokes
system of equations

𝜕

𝜕𝑡
�⃗� +

(︁
�⃗� · ∇⃗

)︁
�⃗� − 𝜇Δ�⃗� + ∇⃗𝑃 = 0, ∇⃗ · �⃗� = 0.

It belongs to the class of Riemann extensions of affinnely-connected spaces, are equipped by
partially-projective metrics due the conditions to part of coordinates

𝜂 = 0, 𝜌 = 0, �̈�, 𝜉 = 0, �̈� = 0, �̈� = 0

and the remaining geodesic equations have the form

�̈�𝑘 + Γ𝑘
𝑖𝑗�̇�

𝑖�̇�𝑗 = 0, Ψ̈𝑘 + 𝑇 𝑖
𝑘Ψ𝑖 = 0,

where 𝑥 = (𝑥, 𝑦, 𝑧, 𝑡) -the Euler coordinates, Ψ𝑘 = (𝑢, 𝑣, 𝑤, 𝑝) -the Lagrange coordinates.
2. The four-dimensional metric

ds2 = (2 𝑧a3 (𝑥, 𝑦)− 2 𝑡a4 (𝑥, 𝑦)) 𝑑𝑥
2 + 2 (2 𝑧a2 (𝑥, 𝑦)− 2 𝑡a3 (𝑥, 𝑦)) 𝑑𝑥𝑑𝑦 + 2 𝑑𝑥𝑑𝑧+

+(2 𝑧a1 (𝑥, 𝑦)− 2 𝑡a2 (𝑥, 𝑦)) 𝑑𝑦
2 + 2 𝑑𝑦𝑑𝑡,
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associated with the second order ODE’s

𝑑2𝑦

𝑑𝑥2
+ 𝑎1(𝑥, 𝑦)

(︂
𝑑𝑦

𝑑𝑥

)︂3

+ 3𝑎2(𝑥, 𝑦)

(︂
𝑑𝑦

𝑑𝑥

)︂2

+ 3𝑎3(𝑥, 𝑦)
𝑑𝑦

𝑑𝑥
+ 𝑎4(𝑥, 𝑦) = 0

with arbitrary coefficients 𝑎𝑖(𝑥, 𝑦) and the metric

ds2 = 𝑦2𝑑𝑥
2 + 2

(︀
𝑙(𝑥, 𝑡)𝑦2 − 1/2

)︀
𝑑𝑥𝑑𝑡 + 2 𝑑𝑦𝑑𝑡 +

(︂
(𝑙(𝑥, 𝑡))2 𝑦2 − 2

(︂
𝜕

𝜕𝑥
𝑙(𝑥, 𝑡)

)︂
𝑦 + 𝑙(𝑥, 𝑡)

)︂
𝑑𝑡

2

which Rcci-flat on solutions the KdV-equation

𝜕

𝜕𝑡
𝑙(𝑥, 𝑡)− 3 𝑙(𝑥, 𝑡)

𝜕

𝜕𝑥
𝑙(𝑥, 𝑡) +

𝜕3

𝜕𝑥3
𝑙(𝑥, 𝑡) = 0

together with the six-dimensional metric in local coordinates 𝑥, 𝑦, 𝑡, 𝑝, 𝑞, 𝑠

𝑑𝑠2 = 4 𝑝

(︂
𝜕

𝜕𝑥
𝑓(𝑥, 𝑦, 𝑡)

)︂
𝑑𝑥𝑑𝑡+ 2 𝑑𝑥𝑑𝑝+ 4 𝑝

(︂
𝜕

𝜕𝑦
𝑓(𝑥, 𝑦, 𝑡)

)︂
𝑑𝑦𝑑𝑡+ 2 𝑑𝑦𝑑𝑞 + 2 𝑑𝑡𝑑𝑠+

+

(︂
−2 𝑝𝑓(𝑥, 𝑦, 𝑡)

𝜕

𝜕𝑥
𝑓(𝑥, 𝑦, 𝑡)− 2 𝑝

𝜕3

𝜕𝑥3
𝑓(𝑥, 𝑦, 𝑡)− 2𝜇 𝑞

𝜕

𝜕𝑦
𝑓(𝑥, 𝑦, 𝑡) + 2 𝑠

𝜕

𝜕𝑥
𝑓(𝑥, 𝑦, 𝑡)

)︂
𝑑𝑡2

which is the Ricci-flat 𝑅𝑖𝑘 = 0 on solutions of the KP-equation(︂
𝜕

𝜕𝑥
𝑓(𝑥, 𝑦, 𝑡)

)︂2

+ 𝑓(𝑥, 𝑦, 𝑡)
𝜕2

𝜕𝑥2
𝑓(𝑥, 𝑦, 𝑡) +

𝜕4

𝜕𝑥4
𝑓(𝑥, 𝑦, 𝑡) +

𝜕2

𝜕𝑡𝜕𝑥
𝑓(𝑥, 𝑦, 𝑡) + 𝜇

𝜕2

𝜕𝑦2
𝑓(𝑥, 𝑦, 𝑡) = 0

may be of used to construct the examples of flows liquids, described by the 𝑁𝑆 -system of
equations.

Refrences

1. Dryuma V. S., Shabat A.B. at alThe Riemann and Einstein -Weyl geometries in the theory of 𝑂𝐷𝐸′𝑠 ,
their applications and all that // New Trends in Integrability and Partial Solvability. 2004. 115-156.

2. Dryuma V. S., On spaces related to the Navier-Stokes equations // Buletinul AS RM, Mathematica,
IMI, Chisinau. 2010. V.3(64). P. 107-110.

3. Dryuma V. S.,The Ricci flat spaces spaces related to the Navier-Stokes equations // Buletinul AS RM,
Mathematica, IMI, Chisinau. 2012. V.2(64). P.99-192.

4. Dryuma V. S., On spaces related to the Navier-Stokes equations // Buletinul AS RM, Mathematica,
IMI, Chisinau. 2010. V.2(64) P. 107-110.

5. Dryuma V. S., Geometric approach to study the Navier-Stokes equations // Proceedings of
Mathematical center "Lobachevsky reading ICM’2022, Kazan, KFU. 2022. V.62. P.39-41.

6. Dryuma V. S., On spaces of constant curvature // 2006. V.146[1], P.42-54.
7. Dryuma V. S.,Duality and metrics in theory of a second order ODE’s // Proceedings of Conference

CMSM4, IMI, Chisinau). 2017. P. 273-276.




