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SEPARATION RESULT FOR DISCRETE VOLTERRA EQUATIONS

A. Babiarz, A. Czornik, M. Niezabitowski

In this paper we consider asymptotic properties of solutions of discrete Volterra equa-
tions of convolution type. This type of equations has been widely used as a mathematical
model in population dynamics [1]. Results on stability and boundedness of solutions of
Volterra difference equations may be found in [2, 3]. Very deep and general results about
the exact rate of decay of the solution of this type of equations are obtained in [4]. Yet
another type of qualitative results about Volterra difference equations such as oscilation,
convergency and stability are presented in the papers [5–7]. The main objective of this
paper is to present an asymptotic lower bound for the norm of difference of two solutions.

Let us consider the following discrete convolution Volterra equation

𝑥(𝑛+ 1) = 𝑥(0) +
𝑛∑︁

𝑘=0

𝑎(𝑛− 𝑘)𝐴(𝑘)𝑥(𝑘) (𝑛 ∈ N), (1)

where (𝐴(𝑛))𝑛∈N is a bounded sequence of 𝑑× 𝑑 matrices

sup
𝑛∈N

‖𝐴(𝑛)‖ =𝑀 <∞,

(𝑎(𝑛))𝑛∈N is a decreasing sequence of positive numbers satisfying

𝑎(𝑛) 6
𝑀

𝑛𝛼

for all 𝑛 ∈ N ∖ {0}, certain 𝛼 ∈ (0, 1) and 𝑀 > 0.
The next theorem contains the main result of our paper, which shows that the norm

of difference of two solutions of equation (1) tends to infinity slower than 𝑛𝜆 with certain
positive 𝜆.

Theorem. Let 𝜆 > (1− 𝛼)/𝛼, 𝑥, 𝑦 ∈ R𝑑 and 𝑥 ̸= 𝑦. Then

lim sup
𝑛→∞

𝑛𝜆‖𝜙(𝑛, 𝑥)− 𝜙(𝑛, 𝑦)‖ = ∞,

where 𝜙(𝑛, 𝑥) is the solution of (1) corresponding to the initial condition 𝑥(0) = 𝑥.
Aknowledgement. The research presented here was done as parts of the projects

funded by the National Science Centre in Poland granted according to decisions DEC-
2015/19/D/ST7/03679 (Babiarz) and DEC-2017/25/B/ST7/02888 (Czornik), respectively.
The work of Niezabitowski was supported by Polish National Agency for Academic Ex-
change according to the decision PPN/BEK/2018/1/00312/DEC/1.



Асимптотическая теория дифференциальных уравнений 61

References

1. Gushing J.M. Volterra Integrodifferential Equations in Population Dynamics. Berlin; Heidelberg:
Springer, 2011. P. 81–148.

2. Crisci M., Jackiewicz Z., Russo E., Vecchio A. Stability analysis of discrete recurrence equations of
Volterra type with degenerate kernels // J. of Math. Anal. and Appl. 1991. V 162. № 1. P. 49–62.

3. Raffoul Y.N. Boundedness and periodicity of Volterra systems of difference equations // J. of
Difference Equat. and Appl. 1998. V. 4. № 4. P. 381–393.

4. Applelby J.A., Gyori I., Reynolds D.W. On exact convergence rates for solutions of linear systems
of Volterra difference equations // J. of Difference Equat. and Appl. 2006. V. 12. № 12. P. 1257–1275.

5. Graef J., Thandapani E. Oscillatory behavior of solutions of Volterra summation equations // Appl.
Math. Lett. 1999. V. 12. № 7. P. 79–84.

6. Thandapani E., Lalli B. Asymptotic behavior and oscillation of difference equations of Volterra type
// Appl. Math. Lett. 1994. V. 7. № 1. P. 89–93.

7. Migda J., Migda M. Asymptotic behavior of solutions of discrete Volterra equations // Opuscula
Math. 2016. V. 36. № 2. P. 265–278.


