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ÎÁ ÎÄÍÎÉ ÍÅËÎÊÀËÜÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×Å
ÄËß ÒÐÅÕÌÅÐÍÎÃÎ ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

Ñ ÑÈÍÃÓËßÐÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Ê.Ò. Êàðèìîâ

Ðàññìîòðèì ñëåäóþùåå òðåõìåðíîå ýëëèïòè÷åñêîå óðàâíåíèå ñ äâóìÿ ñèíãóëÿðíû-
ìè êîýôôèöèåíòàìè

uxx + uyy + uzz +
2β

y
uy +

2γ

z
uz = 0, (1)

â ïîëóáåñêîíå÷íîì ïàðàëëåëåïèïåäå Ω={(x, y, z) : 0<x<1, 0<y<+∞, 0 < z < 1},
ãäå α, β ∈ R, ïðè÷åì β, γ < 1/2; u = u(x, y, z) � íåèçâåñòíàÿ ôóíêöèÿ.

Â ðàáîòå èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü ñëåäóþùåé íåëîêàëüíîé çàäà÷è.
Çàäà÷à FD. Íàéòè ôóíêöèþ u(x, y, z) ∈ C(Ω̄)

⋂
C1(Ω̄

⋂
({x = 0}

⋃
{x = 1}))

⋂⋂
C2(Ω), óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω è óñëîâèÿì

u(0, y, z) = u(1, y, z), ux(0, y, z) = 0, 0 6 y < +∞, 0 6 z 6 1,

u(x, y, 0) = u(x, y, 1) = 0, 0 6 x 6 1, 0 6 y < +∞,
lim
y→∞

u(x, y, z) = 0, u(x, 0, z) = f(x, z), 0 6 x 6 1, 0 6 z 6 1,

ãäå Ω̄ = {(x, y, z) : 0 6 x 6 1, 0 6 y < +∞, 0 6 z 6 1}, à f(x, z) � çàäàííàÿ ôóíêöèÿ.
Òåîðåìà. Ïóñòü ôóíêöèÿ f(x, z) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

f(0, z) = f(1, z), fx(0, z) = 0, f(x, 0) = f(x, 1) = 0, fxx(1, z) = fxx(0, z),

∂

∂z
[z2γfxxz(x, z)]∈C([0, 1]×[0, 1]), lim

z→1

∂

∂z
[z2γfz(x, z)]=0, lim

z→0
z−2γ ∂

∂z
[z2γfz(x, z)]=0,
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0
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0

∣∣∣∣zγ−(1/2) ∂

∂z

[
z−2γ ∂

∂z
(z2γfxxxxz(x, z))

]∣∣∣∣ dx dx < +∞.

Òîãäà ðåøåíèå çàäà÷è FD ñóùåñòâóåò, åäèíñòâåííî è îïðåäåëÿåòñÿ ôîðìóëîé

u(x, y, z) = 2
∞∑
m=1

v0m(y)Zm(z) + 4
∞∑
n=1

∞∑
m=1

[ωnm(y)X2n−1(x) + vnm(y)X2n(x)]Zm(z),

ãäå
X2n−1(x) = x sin(2πnx), X2n(x) = cos(2πnx), n ∈ N,

Znm(z) =
√

2z1/2−γJ1/2−γ(δnmz)/|J3/2−γ(δnm)|, m ∈ N, n = 0, 1, 2. . . ,

ωnm(y) = K̄1/2−β(
√
λnmy)fnm, K̄ν(z) = 21−νzνKν(z)/Γ(ν),

vnm(y) = K̄1/2−β(
√
λnmy)f̃nm +

√
πny3/2−βK−1/2−β( λnmy)

2−3/2−βΓ(1/2− β)(
√
λnm)1/2+β

fnm,

fnm =

0

∫1 ∫1

0

f(x, z) sin(2πnx)z2γZnm(z) dx dx, n,m ∈ N,
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f̃nm =

1∫
0

1∫
0

f(x, z)(1− x) cos(2πnx)z2γZnm(z) dx dx, m ∈ N, n = 0, 1, 2, . . . ,

Γ(x) � ãàììà-ôóíêöèÿ Ýéëåðà[1], Kω(z) � ôóíêöèÿ Ìàêäîíàëüäà [1].

Ëèòåðàòóðà

1. Âàòñîí Ã.Í. Òåîðèÿ áåññåëåâûõ ôóíêöèé. Ò. 1. Ì.: ÈË, 1949.


