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Â ðàáîòå â àíàëèòè÷åñêîì âèäå ïðåäñòàâëåíî êëàññè÷åñêîå ðåøåíèå çàäà÷è ñî ñìå-
øàííûìè ãðàíè÷íûìè óñëîâèÿìè â ÷åòâåðòè ïëîñêîñòè äëÿ âîëíîâîãî óðàâíåíèÿ.
Ãðàíèöà îáëàñòè ñîñòîèò èç äâóõ ïåðïåíäèêóëÿðíûõ ïîëóïðÿìûõ. Íà îäíîé èç íèõ
çàäàþòñÿ óñëîâèÿ Êîøè. Âòîðàÿ ïîëóïðÿìàÿ ðàçäåëåíà íà äâå ÷àñòè: êîíå÷íûé îò-
ðåçîê è îñòàâøàÿñÿ ÷àñòü â âèäå ïîëóïðÿìîé. Íà îòðåçêå çàäàåòñÿ óñëîâèå Äèðèõëå,
íà âòîðîé ÷àñòè â âèäå ïîëóïðÿìîé � óñëîâèå Íåéìàíà. Â êëàññå äâàæäû íåïðåðûâíî
äèôôåðåíöèðóåìûõ ôóíêöèé â ÷åòâåðòè ïëîñêîñòè îïðåäåëÿåòñÿ êëàññè÷åñêîå ðåøå-
íèå ðàññìàòðèâàåìîé çàäà÷è. Äëÿ ïîñòðîåíèÿ ýòîãî ðåøåíèÿ âûïèñûâàåòñÿ ÷àñòíîå
ðåøåíèå èñõîäíîãî âîëíîâîãî óðàâíåíèÿ áåç ïðîäîëæåíèÿ çàäàííîé ôóíêöèè íåîäíî-
ðîäíîãî óðàâíåíèÿ. Äëÿ çàäàííûõ ôóíêöèé çàäà÷è âûïèñûâàþòñÿ óñëîâèÿ ñîãëàñîâà-
íèÿ, êîòîðûå ÿâëÿþòñÿ íåîáõîäèìûìè è äîñòàòî÷íûìè, ÷òîáû ðåøåíèå çàäà÷è áûëî
êëàññè÷åñêèì è åäèíñòâåííûì.
Ïîñòàíîâêà çàäà÷è. Â çàìûêàíèè Q̄ = [0,∞) × [0,∞) äâóõ íåçàâèñèìûõ ïåðå-

ìåííûõ x = (x0, x1) ðàññìàòðèâàåòñÿ îäíîìåðíîå âîëíîâîå óðàâíåíèå

(∂2
x0
− a2∂2

x1
)u(x) = f(x), x ∈ Q̄, (1)

ãäå a2 � ïîëîæèòåëüíîå ÷èñëî. Íà ÷àñòè ãðàíèöû ∂Q îáëàñòè Q ê óðàâíåíèþ (1)
ïðèñîåäèíÿþòñÿ óñëîâèÿ Êîøè

u(0, x1) = ϕ(x1), ∂x0u(0, x1) = ψ(x1), x1 ∈ [0,∞), (2)

íà äðóãîé ïîëóïðÿìîé � ãðàíè÷íûå óñëîâèÿ

u(x0, 0) = µ(1)(x0), x0 ∈ [0, τ ]. (3)

∂u(x0, 0) = µ(2)(x0), x0 ∈ (τ,∞), (4)

ãäå 0 < τ < +∞, f, ϕ, ψ, µ(j), j = 1, 2, � çàäàííûå ôóíêöèè.

Çàäà÷à. Îïðåäåëèòü â àíàëèòè÷åñêîì âèäå êëàññè÷åñêîå ðåøåíèå óðàâíåíèÿ (1)
èç êëàññà äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé, óäîâëåòâîðÿþùåå óñëî-
âèÿì (2)�(4).

Îáùåå ðåøåíèå óðàâíåíèÿ (1) ïðåäñòàâëÿåòñÿ â âèäå

u(x) = u(0)(x) + vp(x),

ãäå u(0) � îáùåå ðåøåíèå èç C2(Q̄) îäíîðîäíîãî óðàâíåíèÿ (1), à vp ∈ C2(Q̄) � ÷àñòíîå
ðåøåíèå óðàâíåíèÿ (1).

Îáùåå ðåøåíèå u(0) îäíîðîäíîãî óðàâíåíèÿ (1) ïðåäñòàâëÿåòñÿ â âèäå [1]

u(0)(x) = g(1)(x1 − ax0) + g(2)(x1 + ax0),

ãäå g(j) � ïðîèçâîëüíûå ôóíêöèè èç êëàññîâ C2(D(g(j))), j = 1, 2, (D(g(j))) � îáëàñòè
îïðåäåëåíèÿ ôóíêöèé g(j) äëÿ ëþáûõ x ∈ Q̄



Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ 23

Äëÿ îïðåäåëåíèÿ vp îáëàñòü Q õàðàêòåðèñòèêîé {x : x1 = ax0} ðàçáèâàåòñÿ íà

äâå ïîäîáëàñòè Q(j) = {x : (−1)j(ax0 − x1) > 0}, j = 1, 2. Â çàìûêàíèè Q(j) êàæäîé
èç ïîäîáëàñòåé Q(j) ðàññìîòðèì ôóíêöèè

v(j)
p (x) = f (1,j)(x1 − ax0) + f (2)(x1 + ax0)−

− 1

4a2

x1−ax0∫
0

dy

x1+ax0∫
(−1)j(ax0−x1)

f

(
z − y

2a
,
z + y

2

)
dx, x ∈ Q(J), (5)

ãäå f (1,j) ∈ C2(R), f (2) ∈ C2(D(f (2))). Åñëè f ∈ C1(Q̄), òî èç ïðåäñòàâëåíèé(5)

ñëåäóåò, ÷òî ôóíêöèè v
(j)
p ∈ C2(Q(j)) è êàæäàÿ èç íèõ óäîâëåòâîðÿåò óðàâíåíèþ (1)

íà ìíîæåñòâå (Q(j)), j = 1, 2.
Òîãäà ôóíêöèÿ ÷àñòíîãî ðåøåíèÿ vp íà âñåì çàìûêàíèè Q̄ îáëàñòè Q îïðåäåëÿ-

åòñÿ ôîðìóëîé

vp(x) = v(j)
p (x), x ∈ Q(j), j = 1, 2.

Òåîðåìà. Ïóñòü ôóíêöèè ϕ ∈ C2([0,∞)), ∈ C1([0,∞)), f ∈ C1(Q̄), µ(1) ∈
∈ C2([0,∞)), µ(2) ∈ C1([0,∞)), f (1,j) ∈ C2(R), f (2) ∈ C2([0,∞)). Ñóùåñòâóåò åäèí-
ñòâåííîå êëàññè÷åñêîå ðåøåíèå çàäà÷è (1)�(4) èç êëàññà C2(Q̄), ïðåäñòàâèìîå â àíà-
ëèòè÷åñêîì âèäå, òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ

ϕ(0) = µ(1)(0), ψ(0) = dµ(1)(0), d2µ(1)(0)− a2d2ϕ(0)− f(0, 0) = 0,

µ(2)(τ) +
1

a
dµ(1)(τ)− dϕ(aτ)− 1

a
ψ(aτ)− 1

a
∂x0vp(τ, 0)− ∂x1vp(τ, 0) = 0

dµ(2)(τ) +
1

a
d2µ(1)(τ)− ad2ϕ(aτ)− dψ(aτ)− 1

a
∂2
x0
vp(τ, 0)− ∂x0∂x1vp(τ, 0) = 0,

è óñëîâèÿ

f (1,1)(0) = f (1,2)(0), df (1,1)(0) = df (1,2)(0), d2f (1,2)(0)− d2f (1,1)(0) =
1

a2
f(0, 0).
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