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ÌÅÒÎÄÛ ÈÍÒÅÃÐÈÐÎÂÀÍÈß ÑÒÎÕÀÑÒÈ×ÅÑÊÈÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ ÄÐÎÁÍÛÌÈ

ÁÐÎÓÍÎÂÑÊÈÌÈ ÄÂÈÆÅÍÈßÌÈ ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ

Ì.Ì. Âàñüêîâñêèé, È.Â. Êà÷àí

Ïóñòü íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,F, P ) çàäàíû d-ìåðíîå ñòàíäàðòíîå áðî-
óíîâñêîå äâèæåíèå W (t) è d-ìåðíîå äðîáíîå áðîóíîâñêîå äâèæåíèå B(t) c ïîêàçà-
òåëåì Õàðñòà H ∈ (1/2, 1).

Ðàññìîòðèì ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå

dx(t) = f(t, x(t)) dt+ g(t, x(t)) dW (t) + σ(t, x(t)) dB(t), t > 0, (1)

ãäå f : R+ ×Rd → Rd, g : R+ ×Rd → Rd×d, σ : R+ ×Rd → Rd×d � äåòåðìèíèðîâàííûå
ôóíêöèè.

Ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå (1) íàçûâàåòñÿ óðàâíåíèåì ñìåøàí-
íîãî òèïà, åñëè â îïðåäåëåíèè ðåøåíèÿ èíòåãðàë ïî ñòàíäàðòíîìó áðîóíîâñêîìó äâè-
æåíèþ W (t) ïîíèìàåòñÿ êàê èíòåãðàë Èòî, à èíòåãðàë ïî äðîáíîìó áðîóíîâñêîìó
äâèæåíèþ B(t) îïðåäåëÿåòñÿ êàê ïîòðàåêòîðíûé èíòåãðàë Ðèìàíà�Ñòèëòüåñà.

Îãðàíè÷èìñÿ ñëó÷àåì d = 1. Íàðÿäó ñ óðàâíåíèåì (1) ðàññìîòðèì ïðîñòåéøåå
óðàâíåíèå

dy(t) = u(t) dt+ v(t) dW (t) + b(t) dB(t), t > 0, (2)

ðåøåíèå êîòîðîãî âûðàæàåòñÿ ôîðìóëîé

y(t) = y(0) +

t∫
0

u(τ) dτ +

t∫
0

v(τ) dW (τ) +

t∫
0

b(τ) dB(τ).

Òåîðåìà 1. Óðàâíåíèå (1) c ôóíêöèåé g(t, x) 6= 0 ïðèâîäèìî ê óðàâíåíèþ (2) ñ
ïîìîùüþ îáðàòèìîãî ïî x ïðåîáðàçîâàíèÿ y = F (t, x), F ∈ C2(R+,Rd) òîãäà è
òîëüêî òîãäà, êîãäà íàéäóòñÿ ôóíêöèè q(t), r(t) òàêèå, ÷òî îêàçûâàþòñÿ âûïîë-
íåííûìè ñîîòíîøåíèÿ

g(t, x)

(
g′t(t, x)

g2(t, x)
+

(
f(t, x)

g(t, x)

)′
x

+
1

2
g′′x2(t, x)

)
= r(t) è

σ(t, x)

g(t, x)
= q(t).

Ïðåäëîæåíèå. Ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ

dx(t) = (α1(t)x(t)+α2(t)) dt+(β1(t)x(t)+β2(t)) dW (t)+(γ1(t)x(t)+γ2(t)) dB(t), t > 0,
(3)

âûðàæàåòñÿ ôîðìóëîé

x(t) = x0(t)

(
x(0) +

t∫
0

α2(τ)− β1(τ)β2(τ)

x0(τ)
dτ +

t∫
0

β2(τ)

x0(τ)
dW (τ) +

t∫
0

γ2(τ)

x0(τ)
dB(τ)

)
,

â êîòîðîé

x0(t) = exp

( t∫
0

(
α1(τ)− 1

2
β2

1(τ)

)
dτ +

t∫
0

β1(τ) dW (τ) +

t∫
0

γ1(τ) dB(τ)

)
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� ðåøåíèå ñîîòâåòñòâóþùåãî ëèíåéíîãî îäíîðîäíîãî óðàâíåíèÿ ñ íà÷àëüíûì óñëî-
âèåì x0(0) = 1.

Ðàññìîòðèì îäíîìåðíîå (d = 1) àâòîíîìíîå óðàâíåíèå (1), â êîòîðîì f(t, x) =
= f(x), g(t, x) = g(x), σ(t, x) = σ(x).
Òåîðåìà 2. Àâòîíîìíîå óðàâíåíèå (1) c ôóíêöèåé g(x) 6= 0 è âûðàæåíèåì

A(x) = f(x)/g(x)− g′(x)/2 òàêèì, ÷òî A′(x) 6= 0, ïðèâîäèìî ê óðàâíåíèþ (3) òîãäà
è òîëüêî òîãäà, êîãäà íàéäóòñÿ ïîñòîÿííûå c1, c2 òàêèå, ÷òî áóäóò âûïîëíåíû
ñîîòíîøåíèÿ (g(x)A′(x))′/A′(x) = c1 è σ(x)/g(x) = c2.

Âåðíåìñÿ ê îáùåìó ñëó÷àþ d ∈ N. Íàðÿäó ñ óðàâíåíèåì (1) ðàññìîòðèì ñîîòâåò-
ñòâóþùåå óðàâíåíèå Ñòðàòîíîâè÷à

dx(t) = (f(t, x(t))− c(t, x(t))) dt+ g(t, x(t)) ◦ dW (t) + σ(t, x(t)) dB(t), t > 0, (4)

Òåîðåìà 3. Ïóñòü ôóíêöèÿ g(t, x) èìååò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå g′t, g
′
x,

g′′x2 . Â òàêîì ñëó÷àå ïðîöåññ x(t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1) òîãäà è òîëüêî
òîãäà, êîãäà ïðîöåññ x(t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Ñòðàòîíîâè÷à (4).
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